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Interaction  of  Gravitation  with  a Particle  Vacuum 

D.  Ivansnko  and  A.  Broiiky 


' We  shall  ejcsamine  the  interaction  of  the  gi'evitationel  field  with  a 

Q C/D  vacuiso  of  scalar  or  pseudoscaiar  particles  (xrfiSOTis),  Tlie  I^grangian  of  the 
particles  together  with  the  intersction  terms  can  be  taken  in  the  form 
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foilm  from  (1). 

Using  (1)  and  (2),  wj  can  write  L in  the  form 

I U {’H^h  S’Hx))  ; (4) 

the  wavy  brackets  denote  the  anticcranustator , 

Wb  introduce  a one-particie Green’ s fancticji"  G(jc,  *•)  » {|^P(w(*) 
where  tlie  parentheses  denote  the  awrage  of  the  varanm  of  the  particles  and 
P is  the  chrtaio logical  ordering  operstor:  using  l3)  and  the  formila  for  the 
derivative  of  a discontinaous  fjinctim,  we  find  for  G(^,  x*)  the  equation 

sa{x,  x!) ^5) 

The  existence  of  tlie  additional  factor  on  the  right «hand  aide  of  (5) 

corresponds  to  the  definitioit  of  the  Green’s  fcaxctim  in  curvilinear  co- 
ordinates. 

New  it  is  easy  to  find  that  the  vacutaa  value  of  the  LagTEsngian  ho  Isib* 
seaice  of  real  particles! ) is 

hjj  --  */o  hCy  ht,  , (6) 
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whers,  on  tha  right,  vie  take  the  half-suaiof  the  limits  x*  ->x  for 
X ' IS*  . Since  the  energy  tensor  can  be  obtained  even  in  the  absence  of 
the  gravitaticnal  field  by  varying  the  Rction  function  H'  with  respect  to 
shall  consider  the  vacuum  value  of  the  corresponding  qtiantity 

~ ^ 5 =2  y.  V~  ^ 5)  G (x,  x')  (dx)  — 

= 2W  5 • 

Considering  as  an  operator  in  Hilbert  space,  we  can  write  in 

the  form 

^•C  ^ ^0  = Vi  Sp  In  ]/  — ~i  S + const  = 

= Spin  G 4- const, 

where  Sp  (Spur)  denotes  the  trace  in  Hilbert  npece  of  functicms  which  be- 
come sero  at  infinity  and  can  be  represented  by  n Fourier-Plancherel  in- 
tftgrei.  From  the  coBiputatioije  that  led  to  (8),  it  is  obvious  that  the 
established  theorem  is  applicable  for  the  correofwndiiig  repiaceosent  of  S 
by  any  fields  and  particles,  including  particleo  with  spin  one-half;  for 
fermions,  the  symbol  Sp  also  includes  the  diagcmal  sunimatioT  over  the 
spinor  indices.  Via  shali  assume  temporarily  tlie  sstis faction  ryf  tho  cct’di- 
ci'jn  that  it  is  iroposiBible  to  produce  real  pairs  in  vacuo  by  the  grsvito- 
tioiiel  field.  ‘l>/en  fran  (7)  we  find  that 
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This  forsanlation,  based  on  the  introdbjction  of  tlie  pareiiveter  of  the  pi*->per 
tim»  (or  of  Uie  fifth  coordinate  ),  has  the  edvantage  that  ail  the  in- 
finities eenteined  in  the  theory  eater  only  in  the  integration  over  t «t 
the  lower  limit. 

Ws  sUttil  UOfi  to  ihe  case  of  » weak  gravitational  field  and  examine  it. 
with  oiK  accuracy  of  the  second  order.  In  «*r  cose  it  is  more  coj\veaicnt  to 
use  the  follcn>!iKg  invariant  condition  instead  of  the  usuuily  applied  f«xir 
emditions  of  de  Dcsidsr  [?j , which  in  & weak  field  are  trcKsformed  into  the 
Hilbert-Lorenta  conditions; 

dV~  g ;dX^-=^Q,  or  1/ -- ,§f  ~ co.cst.  (10) 

Under  this  conditicR.  .substituting  t we  can  write  an  eKprensioti 

accurate  to  within  e con.stsnt  term. 
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Using  the  rctlfttiionships  for  « weak  field  ^ ^ 

et^;.,  and  using  the  property  of  the  trace 

Sp  AB  — SpBA,  (j2) 

we  can,  in  the  integrand  in  (11),  repiece  the  expression  in  square  brackets 
by  . 

e„)  -t  5 exp  r,- (e„ ^ + ).  A (r»-e«)  £;) <] * . , ^ 

0 

It  is  easily  verified  that  the  exponent  under  the  integral  sign  in  (13) 
satisfies  the  operator  integral  equation 
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X £s  ~ Hui)  ^ exp  [i  + >.  (g*P  - ««p)  ,y^J  t']}  dx' . 


3c*lving  (14)  by  me  ana  of  iteration  to  accurecy  of  order  and  sub- 
sfi:.nt-‘ng  file  solution  into  (il),  we  finally  find  for  the  following 

e>{,re6si~i  (in  raticnalized  Uiiitn): 
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(3-y*  — 10t»*  + 15)  ^a6e,3:,eru'?s>»***6*R*n^vj  (e--^  + 0) , 


(15) 


Here,  sines  we  limit  ourselves  to  the  linear  approxioatiun,  the  condi- 
tion (10)  ca«  be  used  in  the  fonu 


dh  (.v)  / ~ 0,  or  kah  (+:  k)  ~ 0 


cveryufhere  excejit.  wlien  analyzing  the  term  linear  in  h in  , in  which 
*:-ase  we  ',r?.iar,  cake  (10)  to  liecwid  order  in  '*'hich  ene£5es  us  to  re- 
duce the  obtained  linear  term  in  to  a quadratic  term.  Here  the  usual 

subBtitutitn  3 -•'• -is  wss  macie.  From  the  very  beginning  we  could  have  taken 
an  expansion  in  instead  of  the  axponcicn  in  without  applying  the 
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ccwditicsi  of  tl>c  impossibility  of  pair  produrticn;  this,  however,  would 
have  made  the  intett?iedi«te  computatiorsa  more  cereplicated.  The  first  term  of 
(15),  up  to  the  linearly  divergent  factor,  is  proportional  to  the  action 
function  of  the  free  gravitational  field  (-vhen  the  conditirai  (16)  is 
satisfied  ),  and  can  be  eliminated  by  a simultanaous  change  in  scale  (re- 
normali-iation)  of  the  coordinates  and  of  the  “gravitational  charge,  *' which 
role  is  played  by  the  rest,  mass; 
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(here  k is  the  Newtonian  gravitation  constant);  the  reicaining  terms  of  the 
action  function  preserve  their  previous  form.  We  note  that  the  renonnaliza- 
tioR  of  the  gravitational  charge  causes  a difference  between  the  gravita- 
tional field  and  the  inert  manses  of  elementary  particles.  The  .secoirid  term 
in  (15)  is  proportional  to  the  product  of  tlte  generalised  D* Alombertian  and 
up  to  the  logarithmically  divergent  coefficient;  for  its  isoiatinn,  by 
renormalizcticn,  there  would  have  to  be  a term  of  similar  type  with  higher 
derivatives  in  Einstein’s  initial  lagrangien  of  the  gravitaticnal  field.  We 
note  that  the  appearance  of  linear  divergence  in  (unlike  the  case  of 

elsctrodyneiEics)  is  due  to  the  quadrupoie  -.diaracter  of  the  gravitational 
field,  t^ftien  condition  (l6)  is  taken  into  account,  the  vacuum  addition  to  the 
action  of  the  gravitational  field  (15)  can  be  rewritten  by  replecing  the  po- 
tentials h^(x)  by  the  field  “intensities”  the  calibra^iai  in- 

variance (ail  the  sense  of  reference  2)  of  the  expression  obtained  and  the 
fact  that  the  field  mass  of  the  graviton  is  zero  follow  directly. 

Eq.  (15)  enables  us  to  examine  in  the  first  nenvenishing  order  the 
various  effects  connected  with  the  polarization  of  the  veicuiun  of  the  par  • 
tides  by  the  grsvitational  field.  In  particular,  frem  (15),  by  means  of  the 
usual  interpretation  of  the  imaginary  part  of  the  action  function,  we  obtain 
the  probability  of  pair  production  of  particles  by  the  gravitaticaial  field 
1 which  beccevss  zero  at  *) 
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Hence  it  is  eaa^'  to  obtain  the  effective  cross  section  of  pair  production. * 

We  noce  that  the  .study  of  in  the  next  approximation  must  lead  ns  to 

n«5.line«r  vasnsum  additions  to  the  gravitational  field  I^agrengian.  Thus,  along 
with  the  argamonts  of  the  general  theory  of  relativity,  the  nonlinearity  in 
the  grav itatictisi  field  cejuations  is,  coriousiy,  also  of  necessity  deduced 
frcia  the  quantum  vecuujn  cot  recti  ti-.s, 

Tn  c{.siciusic*-,  we  thank  kb  M.  ivlirianashvili  for  his  vaiuobls  cciTsr.onts. 
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